We prove the global regularity for both of the 3D Navier-Stokes equations and the 3D Euler equations on R 3 for initial data v 0 ∈ H 3 (R 3 ).
where v = (v 1 , v 2 , v 3 ), v j = v j (x, t), j = 1, 2, 3, is the velocity of the flow, p = p(x, t) is the scalar pressure, ν ≥ 0 is the viscosity, and v 0 is the given initial velocity, satisfying div v 0 = 0. The system (NS) 0 was first modeled by Euler in [13] , while the system (NS) ν , ν > 0, was later modeled by Navier and Stokes ([20, 21] ). Given m ∈ N, we use H m (R 3 ) to denote the standard Sobolev space of divergence free vector fields in R 3 with the norm,
, where α = (α 1 , α 2 , α 3 ), |α| = α 1 + α 2 + α 3 are the standard multi-index notation. We also useḢ m (R 3 ) to denote the homogeneous space with the norm,
The local well-posedness of the system (NS) ν in H m (R 3 ), m > 5/2, is established by Kato in [14] , which says that given v 0 ∈ H m (R 3 ), there exists T ∈ (0, ∞] such that there exists unique solution v ∈ C([0, T ); H m (R 3 )) to (NS) ν . The finite time blow-up problems (or equivalently the regularity problems ) of the local classical solution for both of the Navier-Stokes and the Euler equations are known as one of the most important and difficult problems in partial differential equations(see [17] for the pioneering work and [2] for a major achievement on the Navier-Stokes equations. see also [19, 6, 7, 3, 16, 22] for graduate level texts and survey articles on the current status of the problems for both of the Euler and the Navier-Stokes equations). We say a local in time classical solution v ∈ C([0, T ); H m (R 3 )) blows up at T if lim sup t→T v(t) H m = ∞ for all m > 5/2. The celebrated Beale-KatoMajda criterion( [1] ) states that the blow-up(for both of the Navier-Stokes and the Euler equations) happens at T if and only if
See also [8, 12] for geometrically refined criteria, and [10, 11, 4, 5] for approaches in the direction of excluding plausible scenarios of singularities. Our aim in this paper is to prove the following theorem.
Proof Let T be the maximal time of existence of a classical solution v of (NS) ν in H 3 (R 3 ), and v ∈ C([0, T ); H 3 (R 3 )). Let us suppose T < ∞. In order to deduce desired contradiction, thanks to the Beale-Kato-Majda criterion, it suffices to prove a bound of the form,
where the constant C(T, v 0 ) does not depend on ν. Given a classical solution v(x, t) and the associated pressure function p(x, t), we introduce a functional transform from (v, p) to (V, P ) defined by the formula,
where γ > 0 is a parameter to be fixed below. Substituting (v, p) in (1.1)-(1.4) into (E), we obtain an equivalent system of equations:
where we used the following invariance of the transformation (1.1)-(1.4),
We observe that V ∈ C([0, S); H 3 (R 3 )), where
is the maximal time of existence of the classical solution in H 3 (R 3 ) for the system (1.5)-(1.7). Taking L 2 (R 3 ) inner product of (1.5) with V , and integrating by part, we find that
which implies the bound of the kinetic energy,
Next, takingḢ 3 (R 3 ) inner product of (1.5) with V , and integrating by part, we derive
for an absolute constant C 0 , where we used the elementary computations,
the standard commutator estimate( [15] ),
with and finally the Gagliardo-Nirenberg inequality in R 3 ,
Hence, from (1.9), ignoring the viscosity term, we have the differential in-
L 2 , which can be solved to provide us with
( 1.11) for all s ∈ [0, S). Form now on we assume the values of γ large enough so that 6γ 5
Transforming back to the original velocity v, using the relations (1.1)-(1.4), we find that (1.11) can be written as
L 2 dσ dτ 6 5 , from which we observe that
Hence, integrating (1.13) over [0, t], we obtain
L 2 dσ dτ .
(1.14)
Now, setting
we find that (1.14) can be rewritten as a differential inequality,
where we set
We now fix γ so that
Then the previous condition (1.12) is automatically satisfied, and K < 1. Since y(t) ≥ 1, the differential inequality (1.15) is reduced to
which can be solved immediately as
Substituting (1.18) into (1.14), we obtain that
for all t ∈ [0, T ). This, combined with the Gagliardo-Nirenberg inequality (1.10), provides us with
and by the Beale-Kato-Majda criterion, we find lim sup
which is a contradiction to the fact that T is the maximal time of existence of solution in H 3 . Hence we need to have T = ∞.
Remark after the proof We observe that exactly the same proof holds if we replace the viscosity term ν∆v by the fractional power of the laplacian −ν(−∆) α v, α > 0, in the system (NS) ν . Similar proof also works for the both viscous and inviscid surface quasi-geostrophic equations(see [9] ).
